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INTRODUCTION
This paper is concerned with the asymptotic behavior of solutions of the
linear differential equations
x- q q t x9 " r t x s 0 e"Ž . Ž . Ž .
and of the corresponding nonlinear ones
x- q q t x9 " r t f x s 0, n"Ž . Ž . Ž . Ž .
where
q , r are continuous functions for t G 0, q t F 0, r t ) 0 HŽ . Ž . Ž .1
and
f is a continuous function in R such that f u u ) 0 for u / 0. HŽ . Ž .2
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When q has continuous first derivative, some interesting consequences
Ž .concerning the asymptotic behavior of adjoint equations to e" :
¤ - q q t ¤ 9 q q9 t . r t ¤ s 0 ea.Ž . Ž . Ž . Ž .Ž .
are also given.
Ž .Throughout the paper a solution of n" will be a three time differen-
Ž .  < Ž . < 4tiable function x satisfying n" for all large t and sup x t : t ) T ) 0
for every T sufficiently large. For results concerning continuability at
Ž . w xinfinity of solutions of n" , we refer the reader to 9, 10, 14 . As usual a
Ž . wŽ .xnontrivial solution of e" n" is said to be oscillatory or nonoscillatory
according to whether it does or does not have arbitrarily large zeros.
Ž . w xEquation e" n" is called oscillatory if it has at least one oscillatory
solution and nonoscillatory otherwise, i.e., if all its solutions are nonoscilla-
tory.
Many papers have been devoted to the study of the oscillatory and
Ž . Ž . w xasymptotic behavior of solutions of e" and n" , e.g., 1, 7, 8, 11, 15, 18
w xand 6, 9, 10, 13, 17 , respectively.
According to the classical results of V. A. Kondratiev and I. T. Kigu-
radze, this study is often accomplished by introducing the concepts of
``equation with property A'' andror ``equation with property B.'' More pre-
Ž .cisely equation eq is said to have the property A if every solution of
Ž .eq either is oscillatory or satisfies the conditions
x t x9 t - 0, x t x0 t ) 0 for t G 0, 1Ž . Ž . Ž . Ž . Ž .
lim x t s lim x9 t s lim x0 t s 0.Ž . Ž . Ž .
t“‘ t“‘ t“‘
Ž . Ž .Equation ey is said to have property B if every solution of ey either is
oscillatory or satisfies the conditions
x t x9 t ) 0, x t x0 t ) 0 for all large t , 2Ž . Ž . Ž . Ž . Ž .
lim x t s lim x9 t s lim x0 t s ‘.Ž . Ž . Ž .
t“‘ t“‘ t“‘
Ž . Ž .We recall that a solution x of eq which satisfies 1 is said to be
Ž . Ž . Ž .Kneser solution of eq . Similarly a solution x of ey which satisfies 2 is
Ž . Ž .said to be strongly monotone solution of ey . We recall also that eq has
Ž .always Kneser solutions and ey has always strongly monotone solutions
Ž w x w x .see, e.g., 12 and 15 Theorem 1.1 and Lemma 2.1 . Similar definitions
Ž . Ž .hold for the nonlinear equations n" . In this case condition 1 holds for
all large t.
Properties A and B have been discussed by numerous authors by using
various techniques: for recent results on this topic we refer the reader to
THIRD ORDER DIFFERENTIAL EQUATIONS 511
w x3, 4, 5, 14 and the references contained therein. It is worth to note that
many authors study these properties for various types of differential and
difference equations without explicitly introducing the concepts of prop-
erty A and B.
For linear equations, the relationships between oscillatory solutions and
asymptotic behavior of nonoscillatory ones are often considered. In partic-
w xular, in the quoted paper 15 , Lazer proved the following:
Ž .LAZER THEOREM. Assume q t F 0 for t G 0.
Ž . Ž .a Equation eq is oscillatory if and only if e¤ery nonoscillatory
Ž . Ž . Ž .solution x of eq is a Kneser solution and lim x9 t s lim x0 t st “‘ t “‘
0.
Ž . Ž .b If equation ey is oscillatory, then e¤ery nonoscillatory solution x
Ž . < Ž . < < Ž . <of ey is a strongly monotone solution and lim x t s lim x9 t st “‘ t “‘
‘.
w xAccording to the case of constant coefficients, in 15, p. 444 Lazer
Ž .posed the following question: does every nonoscillatory solution of eq
Ž .tend to zero as t tends to infinity when eq is oscillatory? In the special
w xcase when q ’ 0, this conjecture was proved by Gaet. Villari in 18 and
Žw x. Žw x.later by Lazer 15, Th. 1.5 and Gregus 8, Th. 3.12 under additional
assumptions. Here we give a complete positive answer to the Lazer
conjecture, by showing that it is true without any additional condition.
Ž . Ž .Concerning equation ey , the converse of the Lazer result b has been
Ž w x.proved by Gera see, e.g., 8, 10 .
The main purpose of this paper is to present some new results concern-
ing relationships between oscillation and property A or property B. More
precisely in Sec. 2 we will prove, without any additional assumption, that
Ž . Ž .oscillation of eq is equivalent to property A and oscillation of ey is
equivalent to property B.
In addition we will show an equivalence criterion on property A for
Ž . Ž a . weq and on property B for its adjoint equation e y and similarly on
Ž . Ž a .xproperty B for ey and on property A for its adjoint equation e q .
The obtained results in the linear case are interesting in themselves by
virtue of their necessary and sufficient character, but they are useful also
in Sec. 3 where the same problem for the nonlinear case is considered. We
remark that our assumptions on the nonlinearity concern only the growth
in a neighborhood of infinity: no monotonicity conditions involving the
behavior of the nonlinearity on all R are assumed.
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1. PRELIMINARIES
In the following the asymptotic behavior of solutions of
h0 t q q t h t s 0 3Ž . Ž . Ž . Ž .
is playing a crucial role. Then it seems useful to recall the following:
Ž w x. Ž .PROPOSITION A see, e.g., 12, 16 . Assume q t F 0 for t G 0. Then
Ž .3 is nonoscillatory and e¤ery nonoscillatory solution h satisfies either
a h t h9 t ) 0 for all large t and lim h t s ‘ 4Ž . Ž . Ž . Ž . Ž .
t“‘
or
b h t h9 t F 0 for all t G 0. 5Ž . Ž . Ž . Ž .
Ž . Ž . Ž .In addition, 3 has solutions which satisfies both 4 and 5 . Solutions h
Ž .satisfying 5 are called principal solutions at infinity. They are uniquely
determined up to a constant factor and ¤erify the conditions:
‘
2c 1rh t dt s ‘;Ž . Ž .H
0
‘
d lim h t s c / 0 if and only if t q t dt - ‘.Ž . Ž . Ž .Hh
t“‘ 0
Ž . w . Ž .Let h be a positive solution of 3 on t , ‘ , t G 0. Then e" can be0 0
written in the disconjugate form
1 9 92h t x9 t " r t h t x t s 0 t G t . L "Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 hž /ž /h tŽ .
Ž .Equations L " are a special case of the linear equationsh
1 1 9 9
x9 t " g t x t s 0, L"Ž . Ž . Ž . Ž .ž /ž /a t b tŽ . Ž .
where
a , b , g are positive continuous functions for t G t G 0. HŽ .0 3
When the functions a , b do not have a continuous first andror second
Ž .derivative, then L" may be interpreted as a first order differential
Ž w0x w1x w2x.system for the vector x , x , x given by
1 1 1 19w0x w1x w2x w1xx s x , x s x9, x s x9 s x 9,Ž .ž /b a b a
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Ž . w i xwhere x is a solution of L" . The functions x are called quasideri¤a-
w x Ž .ti¤es of x. In 2, 3 equations L" were considered together with adjoint
ones:
1 1 9 9 az9 . g t z s 0. L .Ž . Ž .ž /ž /b t a tŽ . Ž .
Ž .Let us recall some results on asymptotic behavior of solutions of L" and
Ž a . Ž .L " which will be useful in the sequel. Denote with I u, ¤ , w the triple
integral
‘ st
I u , ¤ , w s u t ¤ s w t dt ds dt ,Ž . Ž . Ž . Ž .H H H
0 0 0
w .where u, ¤ , w are continuous positive functions on 0, ‘ . The following
hold:
Žw x. Ž .PROPOSITION B 4 . Assume H . Then3
Ž . Ž .a Equation Lq is oscillatory if and only if any nonoscillatory
Ž . w1xŽ . Ž . w2xŽ .solution satisfies x t x t - 0, x t x t ) 0 for t G 0.
Ž . Ž .b Equation Ly is oscillatory if and only if any nonoscillatory
Ž . Ž . w1xŽ . Ž . w2xŽ .solution of Ly satisfies x t x t ) 0, x t x t ) 0 for large t.
Žw x. Ž . Ž .PROPOSITION C 3 . Assume H and I g , a , b s ‘. Then any solu-3
Ž . Ž . w1xŽ . Ž . w2xŽ . Ž .tion x of Lq such that x t x t - 0, x t x t ) 0 satisfies lim x tt “‘
s 0.
Žw x. Ž .PROPOSITION D 2 . Assume H .3
Ž . Ž . Ž . Ž a .a If I g , b , a - ‘ then Lq and L y are nonoscillatory.
Ž . Ž . Ž . Ž a .b If I g , a , b - ‘ then Ly and L q are nonoscillatory.
2. OSCILLATION AND PROPERTY ArB
The following result proves the equivalence between oscillation and
Ž . w xproperty A for eq . Such a result has been already proved by Gregus 8
1Žw ..under the additional assumption q g C 0, ‘ .
Ž . Ž . Ž .THEOREM 1. Assume H . Then eq is oscillatory if and only if eq1
has property A.
Ž .Proof. By Lazer theorem it is sufficient to prove that if eq is
Ž .oscillatory then every Kneser solution of eq tends to zero as t “ ‘.
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Ž .Let h be a positive nonincreasing solution of 3 for t G 0. Equation
Ž . Ž . Ž .eq can be written in the disconjugate form L q . Clearly L q ish h
oscillatory and by Proposition D it holds
1
I rh , h , s ‘. 6Ž .2ž /h
Because h is a nonincreasing function for t G 0, the function 1rh2 is
nondecreasing for t G 0. Then
s s1 1 st t t
h u du ds G h s du ds s ds,Ž . Ž .H H H H H2 2 h sh s h s Ž .Ž . Ž .0 0 0 0 0
s s1 1 st t t
h s du ds F h s du ds s ds.Ž . Ž .H H H H H2 2 h sh u h s Ž .Ž . Ž .0 0 0 0 0
Consequently,
s s1 1t t
h u du ds G h s du ds,Ž . Ž .H H H H2 2h s h uŽ . Ž .0 0 0 0
Ž .and so, taking into account 6 we get
1
I rh , , h s ‘.2ž /h
Ž .Because L q is oscillatory, by Proposition B and Proposition C we geth
the assertion.
Ž .From the Lazer result and Theorem 1, it follows that eq has property
Ž .A if and only if every nonoscillatory solution eq is a Kneser solution,
i.e., every Kneser solution tends to zero as t “ ‘. This is not true in the
Ž . w xgeneral case for Lq as Example 2 in 3 shows.
Ž .By virtue of Theorem 1, oscillation criteria for eq become criteria in
Ž .order to eq have property A and vice versa. For instance, from a
w xwell-known oscillation result by Lazer 15, Th. 1.3 we obtain the following:
Ž .COROLLARY 1. Assume H and1
‘ 2 3r2r t y yq t dt s ‘. 7Ž . Ž . Ž .Ž .H '3 30
Ž .Then eq has property A.
Ž . w xNow consider equation ey . As claimed in the introduction, Gera in 7
Ž .has proved the converse of the Lazer theorem b , i.e., if every nonoscilla-
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Ž . Ž .tory solution of ey is strongly monotone, then ey is oscillatory. Then,
Ž .ey is oscillatory if and only if every nonoscillatory solution is strongly
monotone. Now we prove a stronger result which establishes the equiva-
lency between oscillation and property B. The following holds:
Ž . Ž . Ž .THEOREM 2. Assume H . Then ey is oscillatory if and only if ey1
has property B.
Ž .Proof. By the quoted Gera result, it is sufficient to show that if ey is
Ž .oscillatory then ey has property B. Let x be a nonoscillatory solution of
Ž .ey . By the Lazer result x is strongly monotone and so, without loss of
Ž . Ž .generality, we can suppose that there exists t G 0 such that x t ) 0, x9 t0
Ž . Ž . Ž .) 0, x0 t ) 0 for t G t . Since x- t ) 0 for t G t , we obtain x0 t G0 0
Ž .x0 t or0
x9 t G x9 t q x0 t t y t ) x0 t t y t ,Ž . Ž . Ž . Ž . Ž . Ž .0 0 0 0 0
x0 t x0 tŽ . Ž .0 02 2x t G x t q t y t ) t y t t G t .Ž . Ž . Ž . Ž . Ž .0 0 0 02 2
Ž . Ž .Integrating ey on t , t we get0
t t
x0 t s x0 t y q s x9 s ds q r s x s dsŽ . Ž . Ž . Ž . Ž . Ž .H H0
t t0 0
1t t 2G x0 t 1 y s y t q s ds q s y t r s ds . 8Ž . Ž . Ž . Ž . Ž . Ž .H H0 0 0ž /2t t0 0
Since x is an eventually positive strongly monotone solution of equation
Ž . Ž . Ž .ey , then lim x t s lim x9 t s ‘. Hence it is sufficient to showt “‘ t “‘
Ž . Ž . Ž .that x0 ‘ s ‘. Assume x0 ‘ - ‘. From 8 we have
‘ ‘
2t r t dt - ‘, t q t dt - ‘. 9Ž . Ž . Ž .H H
0 0
Ž .By Proposition A, there exists a positive nonincreasing solution h of 3
Ž . Ž . Ž .such that lim h t s l ) 0. Then h 0 G h t G l andt “‘ h h
s1t 2ds h u du F kt ,Ž .H H2h sŽ .0 0
Ž . 2 Ž .where k s h 0 r2 l . Consequently, taking into account 9 , we obtainh
‘ s1t
r t h t h u du ds dtŽ . Ž . Ž .H H H2h sŽ .0 0 0
‘ ‘
2 2F k t r t h t dt F kh 0 t r t dt - ‘Ž . Ž . Ž . Ž .H H
0 0
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Ž .and, by Proposition D, the equation L y is nonoscillatory, which is ah
Ž . Ž .contradiction because L y is the disconjugate form of ey .h
Now we focus on the study of oscillation and asymptotic properties of
Ž .adjoint equations to e" by assuming that q has continuous first deriva-
tive.
It is useful to introduce the following definitions. A function g g
Žw ..C 0, ‘ is said to be lower oscillatory or upper oscillatory if there exist two
 4  4sequences t , s , t “ ‘, s “ ‘, such thatk k k k
g t - 0, g s G 0Ž . Ž .k k
or
g t ) 0, g s F 0,Ž . Ž .k k
respectively.
Ž a .Then, relating to the sign of q9 y r in the equation e y , it is helpful
to divide all possibilities as follows:
Ž . Ž . Ž .a q9 t y r t is eventually negative;
Ž . Ž . Ž .b q9 t y r t is eventually nonnegative;
Ž . Ž . Ž .c q9 t y r t is lower oscillatory.
Similarly it is useful to classify the function q9 q r in the equation
Ž a .e q as eventually positive, eventually nonpositive or upper oscillatory.
Ž .Concerning property A and property B, relationships between eq and
Ž a .its adjoint e y can be easily obtained by a well-known result of Hanan
w x11 and Theorems 1 and 2. The following holds:
Ž . 1Žw ..THEOREM 3. Assume H and q g C 0, ‘ .1
Ž . Ž .a If q9 y r is e¤entually negati¤e, then eq has property A if and
Ž a .only if e y has property B.
Ž . Ž .b If q9 y r is e¤entually nonnegati¤e, then both equations eq and
Ž a .e y are nonoscillatory.
Ž . Ž . Žc If q9 y r is lower oscillatory and equation eq is oscillatory i.e.
. Ž a .has property A , then e¤ery solution of e y is strongly monotone.
Ž . Ž . Ž .Proof. a Since H holds, equation eq is of class I, according to a1
Ž .classical definition of Hanan, and so eq is oscillatory if and only if its
Ž a . Ž .adjoint e y is oscillatory. Now claim a follows immediately from
Theorems 1 and 2.
Ž .b By the quoted Hanan result, a third order linear equation is of
Ž a . Ž a .class I if and only if its adjoint e y is of class II. It means that e y is
Ž .of class II. Since q9 y r is eventually nonnegative and 3 is nonoscillatory,
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Ž a . Ž a .e y is also of class I and so e y is nonoscillatory. The same happens
Ž .for eq .
Ž . Ž . Ž a .c By the same argument as in claim a we obtain that e y is
Ž .oscillatory. Let h be an eventually positive increasing solution of 3 and
let z be the function given by
¤ tŽ .
z t s t large , 10Ž . Ž . Ž .
h tŽ .
Ž a .where ¤ is a solution of e y . A standard calculation shows that z is a
solution of
1 92h t z9 t 9 y r t h t z t s 0 t large . 11Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .ž /h tŽ .
Ž .Then 11 is oscillatory and, by Proposition B, every nonoscillatory solution
Ž .z of 11 satisfies
z t z w1x t ) 0, z t z w2x t ) 0 for t large. 12Ž . Ž . Ž . Ž . Ž .
Ž a . Ž .Let ¤ be an eventually positive solution of e y . To prove claim c , it is
Ž . Ž .sufficient to show that ¤ 9 t ) 0, ¤ 0 t ) 0 for all large t. Consider again
Ž .the transformation 10 . It is easy to show that the following identities:
z w1x t q z t h9 tŽ . Ž . Ž .
¤ 9 t s ,Ž .
h tŽ .
¤ 0 t s z w2x t y q t ¤ tŽ . Ž . Ž . Ž .
Ž .hold for all large t. Since z is eventually positive, from 12 we obtain the
assertion.
Ž . Ž a .Similarly relationships between ey and its adjoint e q are given by
the following:
Ž . 1Žw ..THEOREM 4. Assume H and q g C 0, ‘ .1
Ž . Ž .a If q9 q r is e¤entually positi¤e, then ey has property B if and only
Ž a .if e q has property A.
Ž . Ž .b If q9 q r is e¤entually nonpositi¤e, then both equations ey and
Ž a .e q are nonoscillatory.
Ž . Ž . Žc If q9 q r is upper oscillatory and equation ey is oscillatory i.e.
. Ž a .has property B , then e¤ery solution of e q is Kneser solution.
Ž . Ž .Proof. Claims a and b follow by using a similar argument to this
Ž . Ž .given in Theorem 3. Claim c follows by using the change of variable 10 ,
Ž .where now h is a nonincreasing solution of 3 and ¤ is a solution of
aŽ .e q . The details are omitted.
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The following examples illustrate the above given results.
EXAMPLE 1. Consider the linear equation
2 k
x- y x9 q x s 0, 13Ž .2 3t q 1 t q 1Ž . Ž .
where k is a positive constant. We will show that for k sufficiently large
this equation has property A and for k F 4 is nonoscillatory.
Ž . Ž .Taking into account that h t s 1r t q 1 is a solution of the second
w Ž .2 x Ž .order associated equation h0 y 2r t q 1 h s 0, 13 can be written in
the disconjugate form
1 k9
t q 1 x9 9 q x s 0. 139Ž . Ž .Ž .2 4ž /t q 1 t q 1Ž . Ž .
w x Ž .Using a Chanturia result 14, Lemmas 2.2 and 2.3 , which states that Lq
is oscillatory if
‘ ‘
a s ds s b s ds s ‘Ž . Ž .H H
t t0 0
and
‘
s uH b u H a ¤ d¤ duŽ . Ž .t 0 0
lim sup a s ds g s ds ) 1,Ž . Ž .H H sH a u duŽ .0 tt“‘ 0
Ž .we obtain that 139 is oscillatory for k sufficiently large. Hence, by
Ž .Theorem 1, 13 has property A for k sufficiently large.
Ž . Ž .By Theorem 3 a , the adjoint equation to 13 :
2 4 y k
x- y x9 q x s 0 14Ž .2 3t q 1 t q 1Ž . Ž .
has property B for k ) 0 sufficiently large.
Ž x Ž . Ž . Ž .When k g 0, 4 , it follows from Theorem 3 b that both 13 and 14
are nonoscillatory.
w x w xRemark that results obtained by Erbe 6, Theorem 3.4 , Gregus 8 and
w x w xLazer 15 cannot be applied in this case. Theorem 3.4 in 6 requires that
Ž . w x ‘ Ž .13 is oscillatory for k s 1, results in 8 need that H r t dt s ‘ and, as
w x Ž .regards results in 15 , it is sufficient to note that 7 fails.
EXAMPLE 2. By Corollary 1 the linear equation
< < y1r2sin t 3
x- y x9 q x s 02r3 t q 1Ž .t q 1Ž .
w xhas property A. In this case Theorem 3.12 in 8 is not applicable because
Ž . < < Ž .2r3the function q t s ysin t r t q 1 does not have continuous first
derivative.
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We conclude this section by a relationship between oscillation behavior
Ž . Ž .of ey and eq .
Ž . 1Žw .. Ž . Ž . Ž .COROLLARY 2. Assume H , q g C 0, ‘ , q9 t y r t - 0 and q9 t1
Ž . Ž .G 0. If eq is oscillatory, then ey is oscillatory.
Ž . Ž a .Proof. If eq is oscillatory, then e y is oscillatory and, by a
Ž w x. Ž .classical comparison theorem see, e.g., 8, Th. 7.5 , ey is oscillatory too.
3. NONLINEAR EQUATIONS
In this section we apply results from Sec. 2 to the nonlinear equations
x- q q t x9 " r t f x s 0 on 0, ‘ . n"Ž . Ž . Ž . . Ž .
Ž .We start with some auxiliary results on nonoscillatory solutions of n" .
Ž .LEMMA 1. Let x be a nonoscillatory solution of n" . Then x9 is
e¤entually different from zero.
Ž .Proof. The assertion follows by writing n" in the disconjugate form
1 9 92h t x9 t " r t h t f x t s 0, N "Ž . Ž . Ž . Ž . Ž . Ž .Ž . hž /ž /h tŽ .
Ž . w xwhere h is a solution of 3 , and by using results from 4 about possible
Ž .classes of nonoscillatory solutions of N " .h
Ž .LEMMA 2. Let x be a nonoscillatory solution of nq . Then either x is
Ž . Ž .Kneser solution and lim x9 t s lim x0 t s 0 or there exists T G 0t “‘ t “‘ x
Ž . Ž .such that x t x9 t ) 0 for t G T .x
Proof. Taking into account Lemma 1 it is sufficient to prove that if
Ž . Ž . Ž .x t ) 0, x9 t - 0 for t G t G 0, then x0 t ) 0 for all large t and
Ž . Ž .lim x9 t s lim x0 t s 0.t “‘ t “‘
Ž . Ž .Ä ÄAssume there exists t G t such that x0 t F 0. Because x- t - 0 for
Ät G t, x0 becomes negative for t ) t and then x is eventually negative,
which is a contradiction. Hence x0 is eventually positive. The remaining
part of the proof follows in a trivial way.
Ž .Now we can state two theorems on property A for equation nq :
Ž . Ž .THEOREM 5. Assume H , H and1 2
Ž . Ž .i there exists a positi¤e, principal at infinity, solution h of 3 such
‘ Ž .that H h t dt s ‘;0
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Ž . w Ž .xii there exists k ) 0 such that lim inf f u ru ) k and the0 < u < “‘ 0
linear equation
y- q q t y9 q k r t y s 0 15Ž . Ž . Ž .0
is oscillatory.
Ž .Then nq has property A.
Ž .Proof. Assume that nq does not have property A. By Lemma 2 there
Ž .exists a nonoscillatory solution x of nq and T G 0 such that eitherx
Ž . Ž . Ž .a x t x9 t ) 0 for t G T orx
Ž . Ž . Ž . Ž . Ž . Ž . Ž .b x t x9 t - 0, x t x0 t ) 0 for t G T and x9 ‘ s x0 ‘ s 0,x
Ž .x ‘ / 0.
Ž .Without loss of generality, we may assume x t ) 0 for t G T .x
Ž . w .Case a . Consider in T , ‘ the linearized equationx
f x tŽ .Ž .
¤ - q q t ¤ 9 q r t ¤ s 0. 16Ž . Ž . Ž .
x tŽ .
Ž .Then 16 can be written in the disconjugate form
1 f x tŽ .Ž .9 92h t ¤ 9 t q r t h t ¤ s 0. 169Ž . Ž . Ž . Ž . Ž .ž /ž /h t x tŽ . Ž .
Ž . Ž . wTaking into account i , 169 is in the canonical form. Then by 4, Theorem
Ž .x3.1 i every eventually positive increasing solution ¤ satisfies for all large
t:
1 9
¤ 9 t ) 0Ž .ž /h tŽ .
or, taking t large and t G t ,0 0
1 t
¤ t ) ¤ t q ¤ 9 t h s ds,Ž . Ž . Ž . Ž .H0 0h tŽ . t0 0
Ž .which implies ¤ ‘ s ‘. Because x is an eventually positive increasing
Ž . Ž .solution of 169 , we get x ‘ s ‘ and so there exists t G T such that1 x
Ž Ž .. Ž . Ž .f x t rx t ) k for t G t . Then, taking into account that 15 is oscilla-0 1
Ž w x.tory, we get by a classical comparison theorem see, e.g., 8, Theorem 7.1
Ž .that 16 is also oscillatory. This contradicts the Lazer result, because x is
its nonoscillatory solution.
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Ž .Case b . The argument is similar to this given in the proof of Theorem
Ž . Ž . w1. Equation nq can be written in the disconjugate form N q . By 4,h
Ž .x Ž . w1xŽ . Ž . w2xŽ .Theorem 3.1 iii x t x t - 0, x t x t ) 0 and so, taking into ac-
Ž . w Ž .x Ž 2 .count that x ‘ / 0, by 4, Theorem 3.3.- I3 it holds I rh, 1rh , h - ‘.
Ž 2 .Now, reasoning as in the proof of Theorem 1, we get I rh, h, 1rh - ‘ or
Ž 2 .I k rh, h, 1rh - ‘. Then, by virtue of Proposition D, the equation0
1 9 92h t y9 t q k r t h t y s 0 17Ž . Ž . Ž . Ž . Ž .0ž /ž /h tŽ .
Ž .is nonoscillatory, which is a contradiction, because 17 is the disconjugate
Ž .form of 15 .
Ž .Remark 3. Condition i of Theorem 5 is verified in case any of the
following assumptions:
‘
I t q t dt - ‘;Ž . Ž .H
0
y2II q t F 2 t for all large tŽ . Ž .
is satisfied. The first statement follows by Proposition A and the second
Ž wone is an easy consequence of a comparison criterion see, e.g., 12, Chap.
x.XI, Corollary 6.5 .
The following holds:
Ž . Ž .THEOREM 6. Assume H , H and1 2
f uŽ .
Ž .i lim inf ) 0;< u < “‘ u
Ž .ii the linear equation
y- q q t y9 q kr t y s 0 18Ž . Ž . Ž .
is oscillatory for e¤ery k ) 0.
Ž .Then nq has property A.
Proof. The assertion follows by using a similar argument to this given
in the proof of Theorem 5. The details are omitted.
Ž . wRemark 4. Theorem 6 generalizes for nq the result of 6, Theorem
x 3 Ž .3.4 where in addition it is required that lim inf t r t ) 0.t “‘
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EXAMPLE 3. The nonlinear equation
2 k
g< <x- y x9 q x sgn x s 0 g ) 1Ž .2 3t q 1 t q 1Ž . Ž .
Ž .has property A for k ) 0 by Theorem 5. Indeed i is satisfied, because
Ž . Ž . Ž . Ž . Ž .h t s 1r t q 1 is a solution of 3 and ii holds see Example 1 . In this
Ž .case Theorem 6 cannot be applied, because 18 is not oscillatory for k - 4
Ž .see again Example 1 .
EXAMPLE 4. The nonlinear equation
g
< <x- y x9 q t x ln x sgn x s 0 g G 1Ž .
Ž .has property A by Theorem 6. Indeed, by Corollary 1, 18 is oscillatory for
Ž .every k ) 0. In this case Theorem 5 cannot be applied because i is not
satisfied.
Ž .LEMMA 3. Assume condition i of Theorem 5. Let x be a nonoscillatory
Ž .solution of ny . Then either x is strongly monotone solution and
lim x t s lim x9 t s ‘Ž . Ž .
t“‘ t“‘
or there exists T G 0 such thatx
x t x9 t ) 0, x t x0 t - 0 for t G T .Ž . Ž . Ž . Ž . x
Proof. Without loss of generality we can assume x eventually positive.
First we claim that x9 is eventually positive. If this is not true, by Lemma 1
Ž . Ž .there exists t G 0 such that x t ) 0, x9 t - 0 for t G t.
Consider the function G given byh
G t s h t x0 t y h9 t x9 t ,Ž . Ž . Ž . Ž . Ž .h
Ž . Ž .where h is a principal solution of 3 satisfying i . It holds
GX t s r t h t x t f x t ) 0Ž . Ž . Ž . Ž . Ž .Ž .h
and so G is increasing for t ) t. Then two cases are possibleh
Äa G t ) 0 for t G t ,Ž . Ž .h
Äb G t - 0 for t G t .Ž . Ž .h
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Ž .Case a . From
d x9 tŽ .
2G t s h t G G t ) 0Ž . Ž . Ž .h hdt h tŽ .
we obtain
x9 t x9 t 1Ž . Ž . t
G q G t dsŽ .Hh 2h t h t h sŽ . Ž . Ž .t
which gives a contradiction as t “ ‘.
Ž . Ž . Ž . Ž .Case b . Since drdt x9 t rh t - 0 we obtain
x9 tŽ .
x9 t - h tŽ . Ž .
h tŽ .
or
x9 tŽ . t
x t - h s ds q x tŽ . Ž . Ž .Hh tŽ . t
which gives again a contradiction as t “ ‘. Then the claim is proved and
x9 is eventually positive.
In order to complete the proof it is sufficient to observe that x- is
eventually positive and thus x0 does not eventually change the sign.
Ž .Now we can state the following theorem for ny :
Ž . Ž . Ž .THEOREM 7. Assume H , H , condition i of Theorem 5, and1 2
f uŽ .
Ž .ii lim inf ) 0;< u < “‘ u
Ž .iii the linear equation
y- q q t y9 y kr t y s 0Ž . Ž .
is oscillatory for e¤ery k ) 0.
Ž .Then ny has property B.
Ž .Proof. Assume that ny does not have property B. Let x be a
Ž . w .nonoscillatory solution of ny defined on T , ‘ . By Lemma 3, therex
Ž .exists a nonoscillatory solution x of ny and T G 0 such that eitherx
Ž . Ž . Ž . Ž . Ž .a x t x9 t ) 0, x t x0 t - 0 for t G T orx
Ž . Ž . Ž . Ž . Ž . Ž . Ž .b x t x9 t ) 0, x t x0 t ) 0 for t G T and x ‘ s x9 ‘ s ‘,x
Ž .x0 ‘ - ‘.
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Ž .Without loss of generality, we may assume x t ) 0 for t G T . Considerx
w .in T , ‘ the linearized equationx
f x tŽ .Ž .
¤ - q q t ¤ 9 y r t ¤ s 0. 19Ž . Ž . Ž .
x tŽ .
Ž .Because x is an eventually positive increasing solution of 19 , there exist
Ž Ž .. Ž .k ) 0 and t G T such that f x t rx t ) k for t G t . In view of the1 x 1
Ž . Ž wassumption iii we get from a classical comparison theorem see, e.g., 8,
x. Ž .Theorem 7.5 that 19 is oscillatory. This contradicts Theorem 2, because
x is its nonoscillatory solution.
EXAMPLE 5. The nonlinear equation
2 l
g< <x- y x9 y x sgn x s 0 g G 1Ž .2 2t q 1 t q 1Ž . Ž .
Ž .has property B for l ) 0 arbitrary by Theorem 7. Indeed assumption i of
Ž . Ž . Ž . Ž .Theorem 7 is satisfied because h t s 1r t q 1 is a solution of 3 and ii
Ž .holds. We show that also iii holds, i.e.,
2 l
y- y y9 y y s 0 20Ž .2 2t q 1 t q 1Ž . Ž .
is oscillatory for every l ) 0. Let k and t be sufficiently large such that0
k l
-3 2t q 1 t q 1Ž . Ž .
Ž .for every l ) 0 and t G t . Using a classical comparison theorem with 130
Ž w x.see, e.g., 8, Theorem 7.1 we get that
2 l
y- y y9 q y s 02 2t q 1 t q 1Ž . Ž .
Ž .is oscillatory for every l ) 0. In view of this and Corollary 2, 20 is
oscillatory for every l ) 0.
CONCLUDING REMARK
Ž .We conjecture that the hypothesis i of Theorems 5 and 7 is also
necessary.
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